Abstract. Properties of the sets of left, right, and two-sided topologically quasi-invertible elements, topological spectra, and topological spectral radii of elements in (not necessarily unital or commutative) topological algebras are studied. We prove the spectral mapping theorem for the topological spectrum of elements in commutative complex (not necessarily unital) topological algebras and show that the topological spectral radius (as a map) is a submultiplicative seminorm in a topological algebra with a functional topological spectrum.
INTRODUCTION
First of all we introduce all the notions that will be used later on.
1.1.
A topological algebra A is a topological linear space over the field K (where K is R or C) with an associative separately continuous multiplication that turns A into an algebra over K.
An element x ∈ A is left (right) quasi-invertible in A if there exists an element y ∈ A (respectively, z ∈ A) such that y • x = y + x − yx = θ A (respectively, x • z = x + z − xz = θ A ). Here and later on, we denote the zero element in A by θ A . An element x ∈ A is quasi-invertible if it is left and right quasi-invertible. The set of all left (right) quasi-invertible elements in A is denoted by Qinv ℓ (A) (respectively, by Qinv r (A)) and the set of all quasi-invertible elements in A by Qinv(A).
An element x ∈ A is topologically left (right) quasi-invertible in A if there exists a net (y λ ) λ ∈Λ (respectively, (z µ ) µ∈∆ ) of elements of A such that (y λ • x) λ ∈Λ (respectively, (x • z µ ) µ∈∆ ) converges to zero in A. An element x ∈ A is topologically quasi-invertible if it is topologically left and right quasi-invertible. The set of all topologically left (right) quasi-invertible elements in A is denoted by Tqinv ℓ (A) (respectively, by Tqinv r (A)) and the set of all topologically quasi-invertible elements in A by Tqinv(A).
Let A be a topological algebra with unit e. The set of all invertible elements in A is denoted by Inv(A). Then {e} − Qinv(A) = Inv(A). Similar equalities hold for left and right invertible elements, quasi-invertible elements, topologically invertible elements, and so on.
A topological algebra A is a Q-algebra if the set Qinv(A) is open in A, and A is a T Q-algebra if the set Tqinv(A) is open in A.
The left (right) T Q-algebra is defined in a similar way. In particular, when Tqinv ℓ (A) = Qinv ℓ (A) (Tqinv r (A) = Qinv r (A))
A is a left (respectively, right) advertive algebra and an advertive algebra, when Tqinv(A) = Qinv(A).
Remark. We know that every Q-algebra is a T Q-algebra (see [1] , Proposition 2). But the converse is not true in general, for example: Let A = C[t] be the unital algebra of all polynomials in [0, 1] with complex coefficients endowed with the algebra norm
Then A is a T Q-algebra that is not a Q-algebra (see [5] or [6] , p. 73).
1.2.
Let A be a topological algebra and x ∈ A. The spectrum of x is defined by
the topological spectrum of x by
and the left (right) topological spectrum of x by
It is clear that sp t (x) ⊆ sp(x). Moreover, the spectral radius of x is defined by
the topological spectral radius of x by r t (x) = sup{|λ | : λ ∈ sp t (x)} and the left (right) topological spectral radius of x by
Then r t (x) ≤ r(x) for each x ∈ A. 
, and x(m(A)) ⊂ sp t (x) for each x ∈ A. We say that A has a functional left (right or two-sided) 
for each x ∈ A. 1.4. When the underlying topological linear space of a topological algebra A is locally pseudoconvex, then A is called a locally pseudoconvex algebra. In this case A has a base {U λ : λ ∈ Λ} of neighbourhoods of zero consisting of balanced (that is, µU λ ⊂ U λ whenever |µ| ≤ 1) and pseudoconvex (that is, U λ + U λ ⊂ µU λ for some µ ≥ 2) sets.
It is well known (see [8] , p. 6) that the topology of a locally pseudoconvex algebra A can be given by means of a family P = {p λ : λ ∈ Λ} of κ λ -homogeneous seminorms (that is, p λ (αx) = |α| κ λ p λ (x) for each α ∈ K and x ∈ A), where κ λ ∈ (0, 1] for each λ ∈ Λ. In case every p λ ∈ P is submultiplicative (that is,
, A is called a locally m-pseudoconvex algebra.
1.5.
A regular left (right) ideal of A is a left (respectively, right) ideal I of A for which there exists an element a ∈ A such that xa − x ∈ I (respectively, ax − x ∈ I) for all x ∈ A and a two-sided ideal I of A is regular if ax − x ∈ I and xa − x ∈ I for all x ∈ A. Note that a two-sided ideal I is regular if the quotient algebra A/I has [a] = a + I as a unit element. In these cases a is a unit modulo I.
1.6. In this paper, we will study the properties of left, right, and two-sided topologically quasi-invertible elements; left, right, and two-sided topological spectra of an element; and left, right, and two-sided topological spectral radii of an element in (not necessarily unital or commutative) topological algebras. We show that (a) the sets Tqinv ℓ (A), Tqinv r (A), and Tqinv(A) are G δ -sets in F-algebras; (b) if A is a commutative complex (not necessarily unital) topological algebra, then the topological spectrum of an element has the spectral mapping property; (c) if every element in topological algebra A has a functional topological spectrum, then the topological spectral radius (as a map) is a submultiplicative seminorm on A; and (d) A is a Q-algebra if and only if A is a T Q-algebra and sp(a) = sp t (a) for each a ∈ A \ Qinv(A).
PROPERTIES OF Tqinv ℓ (A), Tqinv r (A), AND Tqinv(A) FOR AN F-ALGEBRA A
Let A be an F-algebra (a complete and metrizable algebra) with F-norm ∥ · ∥, i.e. with a function x → ∥x∥ on A such that 1: ∥x∥ ≥ 0 for each x ∈ A, and ∥x∥ = 0 if and only if x = θ A ; 2:
Similarly, we can show that Tqinv r (A) = {x ∈ A : g t r (x) = 0}.
By the continuity of quasi-multiplication, there is a positive δ such that
for every x and y in A such that ∥x − y∥ < δ , which implies that the set {y : 
is open for any λ > 0.
Corollary 2. The function g t ℓ is continuous at all points of Tqinv ℓ (A) and g t r is continuous at all points of Tqinv r (A).
Proof. Let x 0 be an element in Tqinv(A) and λ > 0, then
. This means that g t ℓ is continuous at x 0 . Since x 0 is an arbitrary element of Tqinv(A), g t ℓ is continuous on Tqinv(A). In the same way, it is easy to show that g t r is a continuous map at all points of Tqinv r (A).
Proof. Since
Tqinv ℓ (A) and Tqinv r (A) are G δ -sets by Lemma 1. Therefore, so is Tqinv(A) as the intersection of two G δ -sets.
Corollary 3. Let A be an F-algebra and x • denote the quasi-inverse of x ∈ A. If the quasi-inversion x
Proof. Suppose that Tqinv(A) = Qinv(A). Then Qinv(A) is a G δ -set by Proposition 1. Since A is a complete metric space, Qinv(A) is topologically complete and consequently, according to Theorem 14.9, p. 110 in [9] , there is on Qinv(A) an equivalent metric under which it is complete. By applying Proposition 2.1.8, p. 76 in [4] to Qinv(A) (with its complete metric) we conclude that the quasi-inversion is continuous on Qinv(A).
Corollary 4. In a very advertive F-algebra the quasi-inversion x → x • is continuous.

Corollary 5. If the quasi-inversion x → x • is discontinuous in an F-algebra A, then A has a dense proper left and a dense proper right ideal.
Proof. By Corollary 4, there is an element
Suppose that x ∈ Qinv ℓ (A). Then there exists an element a ∈ A such that a
and thus x ∈ Qinv(A), which is not the case. Similarly, from x ∈ Qinv r (A) it follows that x ∈ Qinv(A), which is again impossible. Consequently,
This means that the left ideal Ax − A and the right ideal xA − A are dense in A. Indeed, from x ∈ Tqinv ℓ (A) it follows that there exists a net (
Here U denotes the closure of any U in the topology of A. Hence, A = Ax − A, otherwise Ax − A is a regular left ideal in A that contains the regular unit. Similarly, we can show that xA − A = A.
TOPOLOGICAL SPECTRUM OF ELEMENTS
Properties of the topological spectrum of elements for unital topological algebras are described in [2] . Now we consider the general (not necessarily unital) case.
Properties of the (left or right) topological spectrum of elements
Let A be a topological algebra. The left (right) topological spectrum of elements of A has several properties, similar to the left (algebraic) spectrum of elements in case of topological algebras with unity (see [2] ). In the present section we show that every topological (not necessarily unital) algebra has similar properties.
Proposition 2. Let A be a topological (not necessarily unital) algebra. The left, right, and two-sided topological spectra sp t ℓ (x), sp t r (x), and sp t (x) for each x ∈ A have the following properties:
, and sp t (µx) = µsp t (x) f or any x ∈ A and µ ∈ C; (2) sp t ℓ (xy) = sp t ℓ (yx), sp t r (xy) = sp t r (yx) and sp t (xy) = sp t (yx) f or any x, y ∈ A.
Proof.
(1) If µ = 0, then these equalities hold. Let µ ̸ = 0 and λ ∈ C.
The proof of sp t r (µx) = µsp t r (x) for each x ∈ A and µ ∈ C is similar. Consequently, sp t (µx) = µsp t (x) for each x ∈ A and µ ∈ C.
(2) We first show that xy ∈ Tqinv ℓ (A) if and only if yx ∈ Tqinv ℓ (A). For that, take xy ∈ Tqinv ℓ (A). Then there exists a net
yx ∈ Tqinv ℓ (A). By symmetry, if yx ∈ Tqinv ℓ (A), then xy ∈ Tqinv ℓ (A). Hence, xy ∈ Tqinv ℓ (A).
Interchanging x and y, we get the reverse inclusion. Therefore, sp t ℓ (xy) = sp t ℓ (yx). Similarly, we can show that sp t r (xy) = sp t r (yx) and sp t (xy) = sp t (yx).
Lemma 2. Let A and B be topological algebras and π a continuous homomorphism from A into B. Then
Proof. If λ = 0, then the equalities hold. Let λ ̸ = 0 and λ ∈ sp t ℓ,B (π(x)).
Similarly, sp t r,B (π(x)) ⊆ sp t r,A (x) and sp t B (π(x)) ⊆ sp t A (x). Proposition 3. Let A and B be topological algebras and π a continuous open homomorphism from A onto B. If there exists a neighbourhood O of zero in A such that
Proof. The inclusion sp t ℓ,B (π(x)) ⊆ sp t ℓ,A (x) holds by Lemma 2. To prove the opposite inclusion, assume that λ ̸ ∈ sp t ℓ,B (π(x)) and O is the neighbourhood of zero as in the statement of Proposition 3. Therefore, λ −1 π(x) ∈ Tqinv ℓ (B), which implies that there exists a net (x µ ) µ∈∆ in A such that the net
Since π is open, π(O) is a neighbourhood of zero in B. Hence, there exists µ 0 ∈ ∆ such that
whenever µ > µ 0 , by the assumption. Now we fix µ 1 > µ 0 . Then there exists a net (u α ) α∈Λ in A such that
for each x ∈ A. 
Corollary 6. Let A be a topological algebra, I a two-sided ideal of A, and π the canonical homomorphism from A onto A/I. If there exists a neighbourhood O of zero in A such that
Similarly, we can show that Tqinv r (π(A)) = Tqinv r (B)∩π(A) and Tqinv(π(A)) = Tqinv(B)∩π(A). 
Proof. The inclusion sp t ℓ,B (π(x)) ⊆ sp t ℓ,A (x) holds for each x ∈ A (see also the proof of Lemma 2). If A satisfies the condition (a), then by Proposition 3, the opposite inclusion also holds for each x ∈ A, since π is one to one and onto.
Let now A and π satisfy the condition (b), x ∈ A and λ ̸ ∈ sp t ℓ,B (π(x)) \ {0}. Then λ −1 π(x) ∈ Tqinv ℓ (π(A)) by Proposition 4. Therefore, there exists a net ( 
Proof. Let a ∈
A. If λ ∈ sp t ℓ,π(A) (π(a)) \ {0}, then λ −1 π(a) ̸ ∈ Tqinv ℓ (π(A)). Then λ −1 π(a) ̸ ∈ Tqinv ℓ (B) by Proposition 4. Therefore, λ ∈ sp t ℓ,B (π(a)). Now, let λ ∈ sp t ℓ,B (π(a)) \ {0}, i.e. λ −1 π(a) ̸ ∈ Tqinv ℓ (B). Therefore, λ −1 π(a) ̸ ∈ Tqinv ℓ (π(A)) by Proposition 4, which implies that λ ∈ sp t ℓ,π(A) (π(a)). Similarly, sp t r,π(A) (π(a)) = sp t r,B (π(a)) and sp t π(A) (π(a)) = sp t B (π(a)) for each a ∈ A.
Spectral mapping property for the topological spectrum of an element
We will prove the spectral mapping theorem for the topological spectrum of an element. For that we need Proposition 5. Let A be a commutative topological algebra, n ∈ N, and x 1 , x 2 , ..., x n ∈ A. Then
α ) α∈Λ converges to zero. Hence, x i ∈ Tqinv(A) for 1 ≤ i ≤ n. Conversely, if x i ∈ Tqinv(A) for any 1 ≤ i ≤ n, then using induction, it is sufficient to consider the case n = 2. Since x 1 ∈ Tqinv(A), there exists a net (z α ) α∈Λ in A such that (x 1 • z α ) α∈Λ converges to zero, so for any (open) neighbourhood U of zero in A there is an index α 0 ∈ Λ such that x 1 • z α ∈ U whenever α ≥ α 0 . Let α 1 ∈ Λ be a fixed index such that α 1 > α 0 . Since x 2 ∈ Tqinv(A), there exists a net
Proposition 6. Let A be a nonunital topological algebra and A 1 the unitization of A. Then
and Conversely, let A be a T Q-algebra and sp(a) = sp t (a) for each a ∈ A \ Qinv(A). Then 1 ∈ sp(a). Since a ∈ A \ Tqinv(A), we get Qinv(A) = Tqinv(A). Consequently, A is a Q-algebra.
CONCLUSION
The spectral mapping theorem holds for the topological spectrum of elements in commutative (not necessarily unital) topological algebras and the topological spectral radius (as a map) is a submultiplicative seminorm in case of topological algebras with a functional topological spectrum.
